While the pair (a, b) determines a point in the plane, it
also determines a directed line segment (or arrow ) with its tail at the origin and
its head at (a, b) (Figure 6.1). The length of this arrow represents magnitude, while the
direction in which it points represents direction. Because in this context the ordered
pair (a, b) represents a mathematical object with both magnitude and direction, we
call it the position vector of (a, b), and denote it as (a, b) to distinguish it from the
point (a, b).
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FIGURE 6.1 The point represents the ordered pair (a, b). The arrow (directed line
segment) represents the vector (a, b).



DEFINITION Two-Dimensional Vector

A two-dimensional vector v is an ordered pair of real numbers, denoted in
component form as (a, b). The numbers a and b are the components of the
vector v. The standard representation of the vector {(a, b) is the arrow from
the origin to the point (a, b). The magnitude of v is the length of the arrow,
and the direction of v is the direction in which the arrow is pointing. The vec-
tor 0 = (0, 0), called the zero vector, has zero length and no direction.
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FIGURE 6.2 The arrows RS and OP
both represent the vector (3, 4), as would
any arrow with the same length pointing in
the same direction. Such arrows are called

equivalent.



Head Minus Tail (HMT) Rule
If an arrow has initial point (x,, y,) and terminal point (x,, y,), it represents the

vector (x; = Xy, Y2 = Y1)-

EXAMPLE 1 Showing Arrows are Equivalent

Show that the arrow from R = (—4,2)to § = (—1, 6) is equivalent to the arrow from
P=(2,—-1)to Q = (5, 3) (Figure 6.3).
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If v is represented by the arrow from (x,, y;) to (x,, y,), then
vl =V, — x)? + (v, — y)*.
If v = {(a, b), then |v| = Va? + b

P(x,,y,)

» X
FIGURE 6.4 The magnitude of v is

the length of the arrow Fé , which is found
using the distance formula: |v| =

V(x = x)* + (2 — ).




EXAMPLE 2 Finding Magnitude of a Vector
Find the magnitude of the vector v represented by PQ, where P = (=3, 4) and

0 = (-5.2)

b —

P-3,4) [

Y

(-5, 2) -

L L L L] |
/6(0.0)"‘

(—29 _2) B

) —

FIGURE 6.5 The vector v of Example 2.



DEFINITION Vector Addition and Scalar Multiplication

Letu = (uy, u») and v = (v, v») be vectors and let k be a real number (scalar). The sum
(or resultant ) of the vectors u and v is the vector

u+v=(u| +v,,u2+v2).
The product of the scalar k and the vector u is

ku = k{uy, uy) = (kuy, kuy).



In the tail-to-head representation, the standard representation of u points from the
origin to (uy, u,). The arrow from (u,, u,) to (1; + v, u, + v,) represents v (as you can
verify by the HMT Rule). The arrow from the origin to («, + v, u, + v,) then repre-
sents u + v (Figure 6.6a).

In the parallelogram representation, the standard representations of u and v deter-
mine a parallelogram, the diagonal of which is the standard representation of u + v

(Figure 6.6b).
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FIGURE 6.6 Two ways to represent vector addition geometrically: (a) tail-to-head, and (b)
parallelogram.
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FIGURE 6.7 Representations of u and
several scalar multiples of u.



EXAMPLE 3 Performing Vector Operations

Letu = (=1, 3) and v = (4, 7). Find the component form of the following vectors:
(@) u+v (b) 3u (¢) 2u + (—1)v



Unit Vectors

A vector u with length lu| =1 is a unit vector. If v is not the zero vector
(0, 0), then the vector
\J 1
u=-—=-—V
vl vl
1s a unit vector in the direction of v. Unit vectors provide a way to represent the
direction of any nonzero vector. Any vector in the direction of v, or the opposite direc-

tion, is a scalar multiple of this unit vector u.



EXAMPLE 4 Finding a Unit Vector

Find a unit vector in the direction of v = (—3, 2), and verify that it has length 1.



